Abstract. Let f (m, n) denote the number of relatively prime subsets of {m+ 1, m + 2, . . . , n}, and let Φ(m, n) denote the number of subsets A of {m + 1, m + 2, . . . , n} such that gcd(A) is relatively prime to n. Let f k (m, n) and Φ k (m, n) be the analogous counting functions restricted to sets of cardinality k. Simple explicit formulas and asymptotic estimates are obtained for these four functions.
A nonempty set A of integers is called relatively prime if gcd(A) = 1. Let f (n) denote the number of nonempty relatively prime subsets of {1, 2, . . . , n} and, for k ≥ 1, let f k (n) denote the number of relatively prime subsets of {1, 2, . . . , n} of cardinality k.
Euler's phi function ϕ(n) counts the number of positive integers a in the set {1, 2, . . . , n} such that a is relatively prime to n. The Phi function Φ(n) counts the number of nonempty subsets A of the set {1, . . . , n} such that gcd(A) is relatively prime to n or, equivalently, such that A ∪ {n} is relatively prime. For every positive integer k, the function Φ k (n) counts the number of sets A ⊆ {1, . . . , n} such that card(A) = k and gcd(A) is relatively prime to n.
Nathanson [2] introduced these four functions for subsets of {1, 2, . . . , n}, and El Bachraoui [1] generalized them to subsets of the set {m + 1, m + 2, . . . , n} for arbitrary nonnegative integers m < n. 1 We shall obtain simple explicit formulas and asymptotic estimates for the four functions.
For every real number x, we denote by [x] the greatest integer not exceeding x. We often use the elementary inequality
Theorem 1. For nonnegative integers m < n, let f (m, n) denote the number of relatively prime subsets of {m + 1, m + 2, . . . , n}. Then
Proof. El Bachraoui [1] proved that
Rearranging this identity, we obtain
. , n} and gcd(A) = d if and only if
and we obtain the lower bound
For the upper bound, we observe that the number of subsets of even integers contained in the set {m + 1, . . . , n} is exactly 2
This completes the proof.
Theorem 2. For nonnegative integers m < n and for k ≥ 1, let f k (m, n) denote the number of relatively prime subsets of {m + 1, m + 2, . . . , n} of cardinality k. Then
We recall the combinatorial fact that for k ≥ 1 and 0 ≤ M ≤ N, we have
We obtain an upper bound for f k (m, n) by deleting k-element sets of even integers:
and we obtain a lower bound from the identity
Theorem 3. For nonnegative integers m < n, let Φ(m, n) denote the number of subsets of [m + 1, n] such that gcd(A) is relatively prime to n. Then
If p * is the smallest prime divisor of n, then
Let p * be the smallest prime divisor of n. Deleting all subsets of {m + 1, . . . , n} whose elements are all multiplies of p * , we obtain the upper bound
For the lower bound, we have
Theorem 4. For nonnegative integers m < n, let Φ k (m, n) denote the number of subsets of cardinality k contained in the interval of integers {m + 1, m + 2, · · · n} such that gcd(A) is relatively prime to n. Then
Proof. Let p * be the smallest prime divisor of n. El Bachraoui [1] proved that
Deleting k-element subsets of {m + 1, . . . , n} whose elements are multiples of p * , we get the upper bound
